
Let’s consider a trivial PDE, a degenerate 2D diffusion, which is better
solved analytically. Let Ω = [−5, 5]× [−10, 10]. Let

M =

(
0 0
1 1

)
We want to find a function V satisfying

0 = ∂yyV + ∂xyV

= ∇ · (M∇V )

for (x, y) ∈ Ω, such that V (x, 10) = 0. We also want ∇V ·n = −1 on the
boundary with y = −10, and ∇V · n = 0 on the boundaries with x = −5 or
x = 5.

This PDE has the solution V (x, y) = y − 10.
Compute the weak form in the usual way:

0 =

∫
Ω
p∇ · (M∇V )dΩ

=

∫
Ω
p∂i(M∇V )idΩ

=

∫
Ω
∂i(pM∇V )i − (M∇V )i∂ipdΩ

=

∫
Γ
(pM∇V ) · ndΓ−

∫
Ω
∇p ·M∇V dΩ

So, substituting in the value of ∂yV on the boundary,∫
Ω
∇p ·M∇V dΩ =

∫
Γ
p

(
0

∂xV + ∂yV

)
· ndΓ

= −
∫
Γ
pdΓ +

∫
Γ
p

[(
0 0
0 1

)
∇V

]
· ndΓ

1


